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Abstract
The vast Greenland and Antarctic Ice Sheets, which are kilometers thick, contain
approximately 68.7% of Earth’s fresh water, and are covered by many tens of meters
of polar firn, which is snow and porous ice that is up to several centuries old. Decoding
satellite signatures and ice sheet models covering these vast areas require knowledge of
the thermal conductivity of polar firn with depth, yet direct measurements have never
been published. The first direct measurements of the effective thermal conductivity
of polar firn are presented. To make these measurements, a custom guarded hot
plate apparatus has been designed and constructed for use in a cold room laboratory,
tested, and verified using materials of known thermal conductivity. The device was
used to make measurements on firn samples retrieved from varying depths of the
Antarctic Ice Sheet at the South Pole. The thermal conductivity varies with depth,
with values ranging from 0.617 to 1.018 W/mK. The thermal diffusivities of the
firn samples are additionally calculated, based on the ratio of the measured effective
thermal conductivity to the bulk sample density and heat capacity. The values of
thermal diffusivity with depth range from 20.95 to 25.68 m2 /a. It is demonstrated
that the porosity of firn contributes to variation in thermal conductivity; however,
unlike many other two-phase materials, the density and porosity alone are insufficient
to determine the effective thermal conductivity of firn.
Previous measurements of the microstructure of the firn cores generated from
micro-computed tomography analysis are used to understand the variations of the
effective thermal conductivity. The Euler-Poincaré number, which describes the num-
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ber of redundant connections within a structure, provides an initial confirmation of
my hypothesis that firn with thicker internal pathways of ice conduct heat more
readily than samples with thinner, more complex ice pathways. Future research including measurements on additional samples from the site may further elucidate the
relationship between the microstructure of firn and variations in effective thermal
conductivity.
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Introduction

Across the high-altitude areas of the vast Greenland and Antarctic Ice Sheets where
it is too cold for annual snow melt, known as the dry snow zone, surface snow becomes compressed over time as it is buried under new snow year after year. As it
is compressed, it transforms into "firn," which is a firm, porous material many tens
of meters deep between the surface snow and underlying solid ice layers of the ice
sheets. Because of its porous nature, air can travel and diffuse through firn, though
its porosity is not constant throughout the entire firn layer; in the deepest layers, air
can become trapped in bubbles as the pores become closed off by the surrounding ice
particles. Similar to the rings of a tree, the layers of polar firn contain an incredible amount of historical environmental information, and understanding the processes
that occur in the ice sheets is critical to inferring the history of the climate (Cuffey
et al., 1994).
The Intergovernmental Panel on Climate Change (IPCC) has shown that the
warming of the climate is "unequivocal," with the rate of ice loss from the Antarctic
ice sheet likely increasing from 30 Gt/yr during the period of 1992-2001 to 147 Gt/yr
during the period of 2002 and 2011 (IPCC, 2013). With approximately 68.7% of the
Earth’s freshwater stored in the ice sheets and glaciers (Gleick, 1996), the release of
even parts of this mass into the oceans will increase the global mean sea level, causing
unpreventable disruptions to coastal life across the globe. The ability to accurately
model how the ice sheets will evolve in the future will enable coastal communities to
best prepare for this effect of climate change.
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Given the harsh climates and remoteness of the ice sheets, direct measurements
of their physical properties are difficult to acquire. Recent innovation in satellite technology has enabled remote sensing of the ice sheets, using electromagnetic signals to
measure characteristics of the tens of meters of near-surface firn and collect consistent
measurements. Prior to this technological advancement, there was less of an urgency
to understand the thermal properties of the firn because the importance of that data
had not been recognized. With the introduction of this new remote sensing capability, modelling and predicting the changes of the ice sheets has become much more
accessible. To accurately interpret the satellite data in these models, the effective
thermal conductivity of firn is needed, yet no direct measurements of the effective
thermal conductivity of firn have ever been published.
The firn can be up to 120 m deep in some areas, with the top 10 - 12 meters
being most sensitive to local weather and climate changes. Specifically, in response
to temperature changes, the crystal structure of the firn can change, which leads to
the creation of a complex and non-uniform material with depth. Using samples of the
polar firn, direct experiments can be performed to study the structures and thermal
properties of the firn as a function of depth and layering. A cylindrical firn sample
from a depth of 27 m in the South Pole firn is shown in Figure 1.
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Figure 1: South Pole firn sample

At Dartmouth’s Thayer School of Engineering, Professor Mary Albert has a
firn core from the South Pole that spans from the surface to a depth of 120 meters.
Using selected samples from that firn core, this research provides the first direct measurements of the effective thermal conductivity of firn. The custom-designed device
used to measure the firn’s thermal properties is detailed, including the design, verification, and implementation of the device. In addition to describing the first direct
measurements of the effective thermal conductivity of firn, this research presents an
initial analysis of the effect of firn’s microstructure on its effective thermal conductivity. Micro-computed tomographs of the firn samples are used to conduct both
quantitative and visual analyses of the microstructural data, allowing multiple approaches to be pursued to connect the measured effective thermal conductivity data
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to the firn’s microstructure. The thermal diffusivity of firn, a material property related to the ratio of the effective thermal conductivity to heat capacity, is presented
in this research, providing the first direct measurements of that property of firn as
well.
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2

Background for Heat Transfer in Porous Materials
Including Firn

2.1

Porosity

Firn is a two-phase, polycrystalline material, comprised of the solid phase, ice, and
the gas phase, air (Cuffey and Paterson, 2006). Porosity is defined as the fraction
of the total volume of a material that is pore space, with 0 representing a purely
solid-phase material and 1 representing a purely gas-phase material. In the case of
firn, porosity translates to the fraction of the firn’s volume that is air. Porosity, φ,
can be written as

φ=

pore volume
total volume

(1)

Porosity can further be divided into two categories: closed and open porosity.
Closed pores occur when pores are closed off by the solid phase, leading to the gas in
the pores being trapped. Open pores exist when the gas phase can travel within the
material, meaning that the pore space is not entirely closed off by the solid phase.
Total porosity is the sum of closed and open porosity. The total porosity of firn can
be estimated using the mass of the sample, the total volume of the sample, and the
density of ice

φ=1−

mtotal
ρice · Vtotal
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(2)

2.2 Heat Transfer
This relationship provides initial insight into the variance in porosity of firn
samples; however, closed and open porosity cannot be differentiated using this method.
Instead, micro-computed tomography can be used to determine the open and closed
porosity of two-phase materials (Zake-Tiluga et al., 2016; Qin et al., 2020).

2.2

Heat Transfer

There are three fundamental modes of heat transfer: conduction, convection, and radiation. In firn, and more generally in porous materials, these three possible methods
of heat transfer translate to four considerations: conduction through the solid phase,
conduction through the gas phase, convection through the gas phase, and radiation
across the pores.
When considering the dominant methods of heat transfer through porous materials, heat transfer due to radiation across the pore spaces has been found to be
negligible in samples below 500°C with generally small pores, because although there
is heat transfer due to radiation present in samples below this temperature threshold,
it is negligible compared to that of conduction through the solid phase (e.g., Russell,
1935; Francl and Kingery, 1954; Skidan and Borisov, 2003; Živcová et al., 2009; Xu et
al., 2012; Chen et al., 2019). In a similar manner, heat transfer due to convection in
the laboratory is negligible in materials with small, mainly closed pores (e.g., Russell,
1935; Loeb, 1954; Skidan and Borisov, 2003; Živcová et al., 2009; Bourret et al., 2013;
Smith et al., 2013).
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2.3 Thermal Conductivity of Porous Materials

2.3

Thermal Conductivity of Porous Materials

The effective thermal conductivity of a porous material, which is the overall thermal
conductivity of the material due to the contributions of both its solid and gas phases,
decreases with increased porosity (e.g., Francl and Kingery, 1954; Skidan and Borisov
2003). The pore size distribution in a two-phase material has been found to affect a
material’s effective thermal conductivity (Xu et al., 2012). With high porosity, materials tend to have a strong correlation between their porosity and permeability (Paek
et al., 2000), though it has been argued that permeability should remain distinctly
separate from the evaluation of a material’s effective thermal conductivity (Russell,
1935).
The effective thermal conductivity of certain polycrystalline materials has been
found to be determined by three main factors: the intrinsic thermal conductivity, the
thermal resistance due to interfaces called grain boundaries, and the presence of pores
(Bourret et al., 2013). The effective thermal conductivity data collected on the firn
samples used in this research was carried out in a cold room set to -25°C. At that
temperature, the thermal conductivity of pure ice is approximately 2.4 W/mK, and
the thermal conductivity of air is 0.022 W/mK, which is more than 100 times smaller
than the ice [8, 9]. Based on this difference in thermal conductivities, heat transfer
through the solid phase will dominate (Bourret et al., 2013). Smaller grain sizes in a
material increases the number of grain boundaries per unit length of heat path, which
in turn decreases the thermal conductivity of the solid phase (Bourret et al., 2013;
Smith et al., 2013).
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2.3 Thermal Conductivity of Porous Materials
Over the course of developmental research in porous media, researchers have
sought to mathematically describe and predict the effective thermal conductivity of
porous materials based on their material properties. In many cases, these equations
estimate the relative thermal conductivity, kr , which is related to the effective thermal
conductivity, k, and the known thermal conductivity of the solid phase, k0 , through
the relationship:

kr =

k
k0

(3)

Russell (1935) developed a formula to find the effective thermal conductivity of
a two-phase material with varying porosity. This equation considers the conductivities
of the solid and gas phases, as well as its porosity, to estimate the relative thermal
conductivity of the material. Pabst (2005) and Živcová et al. (2009) each offered an
equation which only considers the porosity of the material in predicting its relative
thermal conductivity.
Early attempts (e.g., Russell, 1935) as well as more recent attempts (e.g.,
Živcová et al., 2009) to estimate the effective thermal conductivity of a material
ignore any incorporation of pore size and orientation into the equations. Loeb (1954),
however, recognized that the orientation of anisotropic pores causes a directional
dependence on the effective thermal conductivity of materials, though it is worth
mentioning that in naturally forming materials, determining pore orientation and
other pore features can be difficult.
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3

Measurement of the Thermal Conductivity

Prior to this research, no direct measurements of the effective thermal conductivity
of polar firn had been published, although there have been measurements on seasonal
snow, which can have very different behaviors than firn. Köchle (2009) and Riche and
Schneebeli (2013) investigated the different techniques that can be used to measure
the thermal conductivity of seasonal snow and determined that the guarded hot plate
method proved to be more accurate than the transient needle probe method. In
consideration of their findings, the guarded hot plate apparatus was chosen as a
method to measure the effective thermal conductivity of polar firn samples.

3.1

Materials

For the guarded hot plate apparatus, heat flux sensors and thermocouples above
and below the firn sample were needed, along with a heater below the sample and a
datalogger to record these sensors’ measurements. Temperature distribution plates,
acrylic plates to fix the sensors to, and an insulative material for the structure of the
apparatus were also necessary. Below is a list of the materials used, as well as relevant
sizes of some materials.
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3.1 Materials
Table 1: Parts list
Part

Specification

Dimensions

Datalogger
Battery
Heat Sink Compound
Aluminum Plates
Acrylic Plates
Silicone Rubber Heater
Heat Flux Sensors
Type-T Thermocouples
Polystyrene Foam Board
Foil Tape

Campbell Scientific CR1000
12V
Dow Corning 340
Al6061
r = 6.035 cm, t = 0.635 cm
Optix Sheet
r = 6.035 cm, t = 0.236 cm
Minco HR6937
12.7 cm x 12.7 cm x 1.4 mm
Hukseflux FHF02
3 cm x 3 cm x 0.9 mm
Hukseflux FHF02
3 cm x 3 cm x 0.9 mm
Dow
2.44 m x 1.22 m x 2.54 cm
Reflectix
5.08 cm x 9.14 m

Dimensions for polystyrene and foil tape are dimensions at purchase

Aluminum was chosen to be the material used for the temperature distribution
and heat sink plates as it has a high thermal conductivity, meaning it would quickly
and evenly distribute the heat from the heater as well as keep the top of the sample
at cold-room temperature. The heat flux sensors were mounted to acrylic plates,
since the thermal conductivity of the sensors and of the acrylic are approximately
the same, thus any heat flux deflection would be negligible. The heat sink compound
was applied between the acrylic plates and the sensors to prevent any gaps from
distorting the measurements. A thin layer of the compound was also applied between
the sensors and the samples to ensure direct contact. The silicone rubber heater was
chosen due to its ability to function accurately at temperatures down to -45°C. The
heat flux sensors chosen have embedded type-T thermocouples, which are the ideal
thermocouples for this project, and the size of the sensors allow them to capture the
heat flux through the center of the samples while avoiding the edges and potential
edge-effects.
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3.2 Apparatus Design

3.2

Apparatus Design

The polar firn samples used in this experiment are cylindrical, with a diameter of
approximately 10.2 cm and heights around 10 cm. The body of the test apparatus
was made of polystyrene foam board—known as blue foam board insulation. Four
squares were cut out using a hot wire, with side-lengths of 30.5 cm, and stacked
together. In the center of three squares, circular cavities were cut through the entire
thickness to accommodate the firn sample. The fourth square was used as the base
of the structure, and the heat source was embedded into this layer. In Figure 2, the
design of the apparatus can be seen, with only half of the insulative shell shown, and
Figure 3 offers a side-view of the apparatus’ components.

Figure 2: Model of apparatus

Figure 3: Part locations

To decrease the chance that heat could escape from this apparatus, the cylindrical cavity of the three stacked polystyrene squares was coated with a layer of
reflective foil tape. The foil tape was also used to line the square indentation where
the heater sits. Since the heat flux sensors were located centrally above and below
the firn samples, edge effects could safely be ignored.
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3.3 Data Collection

3.3

Data Collection

The test apparatus and the firn samples were located in the same cold room, which
was set to -25°C, for the duration of the experiment. All materials were allowed to
reach thermal equilibrium before each test. To begin the experiment, the datalogger
was powered on, and the data collection program was sent to it. With the heater
attached to the datalogger’s 5V power output, turning on the datalogger also starts
the heater, thus the bottom of the sample begins to receive heat. These recorded
sensor values are then used to calculate the thermal conductivity of the sample once
steady-state is reached. For details on the datalogger program and setup, refer to
Appendix A.
Thermal steady-state was reached after approximately six hours. Before ending each experiment, it was ensured that the final 1000 data points had a standard
deviation of less than 0.004 W/mK, which was the metric used to determine if steadystate had been reached. Then, to calculate the thermal conductivity of the firn sample, those same final 1000 data points for the heat flux and thermocouple sensors
were averaged and used in the one-dimension simplification of Fourier’s Law of Heat
Conduction, shown in Equation 4, where k is the thermal conductivity, ∆Tz is the
temperature difference across the difference in distance, ∆z, of the sample, and q is
the flux, with units W/m2 :

qz = −k

∆Tz
∆z

(4)

Solving Equation 4 for the thermal conductivity produces Equation 5, where k has
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units W/mK.

k = −qavg

3.4

h
∆Tz

(5)

Thermal Diffusivity Calculations

Physical measurements of the firn sample attributes were required to accurately calculate the thermal diffusivity, namely the sample’s height, density, and specific heat
capacity. To measure the height, six measurements at different points on the sample were taken using calipers, and the average of those measurements were used as
the sample’s height. To calculate the sample’s density, the mass of the sample was
measured using a scale and the volume of the sample was measured using calipers.
The mass was then divided by the volume to calculate the sample’s density. For the
specific heat capacity of firn, a weighted average of the specific heat capacities of air
and ice was used, based on the measured density of the sample.

α=

k
ρCp

(6)

Once the constant thermal conductivity of the firn samples was known, Equation 6
could be used to calculate the thermal diffusivity, α, with units m2 /s.

3.5

Verification Testing

To ensure accuracy of the built apparatus, materials of known thermal conductivity
were tested. Testing the custom apparatus on materials of known thermal conductiv-
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ity would verify that the apparatus is functioning properly. In order to select materials
whose conductivities bound the hypothesized values of firn, estimates of thermal diffusivities from values from Clemens-Sewall et al. (in review), which used temperature
arrays within firn on the polar ice sheets to estimate their thermal diffusivities. Those
estimates showed the thermal conductivity of firn near the South Pole would be approximately 0.5449 W/mK. Two test materials were chosen to bound this estimation:
plasticine clay and paraffin wax, with thermal conductivities of 0.80 W/mK and 0.30
W/mK, respectively [10, 11]. In Figure 4, a plot of the calculated thermal conductivity of plasticine clay during one of the verification trials is shown, with the measured
thermal conductivity in blue and the expected thermal conductivity, 0.80 W/mK, in
red.

Figure 4: Third test using plasticine clay
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It can be seen in Figure 4 that there are abnormal increases in the thermal
conductivity approximately every three hours after the apparatus approaches steadystate. This anomaly is due to the cold-room’s cyclical cooling cycle, meaning that
the top heat flux and thermocouple sensors are affected by this sharp decrease in
temperature. To ensure that this environmental effect does not affect the results, the
final 1000 data points of each test are analyzed. If a cooling cycle is found to have
occurred in the final 1000 seconds, or 16.6 minutes, of the experiment, those data
points are removed, thereby eliminating this environmental effect. Because of the
noise present in the experiment, these final 1000 data points are averaged for each
sensor, and the mean values are used in Equation 5 when estimating the thermal
conductivity. In Table 2, the known thermal conductivities, the average measured
thermal conductivities, and the average percent errors are shown for the three tests
run using each material.
Table 2: Calibration trial results
Calibration Trial

Plasticine Clay

Paraffin Wax

0.810 W/mK
0.811 W/mK
0.800 W/mK

0.302 W/mK
0.297 W/mK
0.290 W/mK

Avg. Measured Thermal Conductivity 0.801 W/mK
Known Thermal Conductivity
0.80 W/mK

0.296 W/mK
0.30 W/mK

Test 1
Test 2
Test 3

Avg. Percent Error

0.125%
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3.6 Apparatus Error

3.6

Apparatus Error

Though the average percent error across both materials tested can be calculated at
0.729%, a more accurate and descriptive error analysis using Equation 7, which is
derived in Appendix C, can be carried out.
s
Ek = k

Eq
q

2


+

E∆T
∆T

2


+

Eh
h

2

(7)

Based on manufacturers’ specifications and calculations, further described in
Appendix C, the accuracy of the heat flux sensors is ±5%, the accuracy of the type-T
thermocouples can be estimated at ±0.02°C, and the accuracy of the calipers used
to measure the sample’s height is ±0.02 mm. Using typical values for the plasticine
clay measurements, for example,
k = 0.3 W/mK
h = 0.0989 m
q = 10 W/m2
∆T = 3.5 °C
the total error of the thermal conductivity measurement is:

v
!
u
u 0.5 W/m2 2  0.02°C 2  0.02 m 2
+
+
Ek = 0.3 W/mKt
3.5°C
98.9 m
10 W/m2
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Ek ≈ ±0.015 W/mK
This small margin of possible error confirms the high accuracy of the test device, thus
the apparatus was deemed acceptable to be used with firn samples.

3.7

Thermal Conductivity Measurement Results

Across seven different firn sample, 29 total tests have been conducted to measure their
effective thermal conductivities. Table 3 lists the samples used in this experiment,
along with information on their original depth in the South Pole firn layer, their
calculated density, and the number of tests conducted on each sample.
Table 3: Firn samples selected for experiment
Sample ID
SP_8.47_3
SP_9.52_1
SP_10.61_8
SP_22.71_2
SP_27.04_6
SP_40.36_5
SP_46.63_7

Mid-Depth (m)

Density (g/mm3 )

Tests Run

8.72
9.57
11.31
22.81
27.59
40.85
47.32

0.47
0.46
0.50
0.55
0.59
0.61
0.63

4
4
4
4
4
4
5

With steady-state being reached after approximately six hours, a maximum
of two samples could be tested per day in an ideal scenario. The effective thermal
conductivities measured in these tests are listed in Table 4.
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Table 4: Measured thermal conductivities of firn samples
Sample ID
SP_8.47_3
SP_9.52_1
SP_10.61_8
SP_22.71_2
SP_27.04_6
SP_40.36_5
SP_46.63_7

Thermal Conductivities (W/mK)
0.619
0.654
0.680
0.788
0.811
0.941
0.986

0.600
0.611
0.653
0.803
0.761
1.004
1.042

0.656
0.568
0.634
0.771
0.742
0.991
1.090

0.663
0.636
0.725
0.743
0.827
1.029
0.982

0.991

The thermal diffusivity of each sample could also be estimated using their
effective thermal conductivity measurements in Equation 6, in conjunction with their
densities and specific heat capacities. The results of these calculations are shown in
Table 5.
Table 5: Calculated thermal diffusivities of firn samples
Sample ID

Thermal Diffusivities (m2 /a)

SP_8.47_3
SP_9.52_1
SP_10.61_8
SP_22.71_2
SP_27.04_6
SP_40.36_5
SP_46.63_7

20.8
22.2
21.5
22.6
23.0
24.4
24.7

20.2
20.7
20.6
23.1
21.6
26.0
26.1

22.0
19.3
20.0
22.1
21.1
25.7
27.3

22.3
21.6
22.9
21.3
23.5
26.6
24.6

24.8

The spread of measured effective thermal conductivities for each sample is
a result of how the sample sits in the test apparatus. The ends of the samples
are not perfectly flat, thus with each test, the sample will sit in an ever-so-slightly
different position, leading to different ice particles touching the base plates. Heat sink
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compound was used between the sensors and the samples, which greatly reduced the
spread of data; however, slight variations still occurred.
This research addresses the potential relations between the effective thermal
conductivity of polar firn and its material and microstructural properties. Therefore,
Sections 4 and 5 will consider only the effective thermal conductivity measurements
presented here. The thermal diffusivity of firn is nonetheless deserving of consideration, because it is the parameter that is needed in applications involving remote
sensing of ice sheets and will be discussed in Section 6.
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4
4.1
4.1.1

Quantitative Microscopy
Micro-Computed Tomography
Introduction to Micro-CT

To better understand the relationship between the microstructural properties of firn
and its effective thermal conductivity, data on the firn samples using micro-computed
tomography (micro-CT) was analyzed. The micro-CT scanner uses x-rays to provide
quantitative data on many microstructural aspects of the firn samples. The microCTs of the South Pole firn samples were completed by K. Keegan and Z. Courville
using a Bruker SkyScan 1173. The scans were completed using a 70.29 micron voxel
resolution, which correlates to a 70.29 micron pixel size within the two-dimensional
scans and a 70.29 micron vertical distance between each slice. The rotation step size
was 0.4°, and a 1120 x 1120 pixel detector was used for the scans, with 600 images
making up one sample scan. Starting with the upper portion of the core, the scanner
was set at 80 uA and 100 kV with an exposure time of 420 ms and a brass filter 0.25
mm thick. As the samples became denser, those settings were adjusted — the voltage
was increased and the current and exposure time were decreased.
The result of the micro-CT scans are two-dimensional x-ray images of the firn
sample oriented vertically. The micro-CT takes those grayscale images and reconstructs them into a stack of two-dimensional horizontal images that make up the
whole sample. During the reconstruction, a Gaussian filter with a smoothing kernel
of 2 was used to reduce noise. In the image processing, the images were thresholded
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to make the grayscale images into binary. Generally, the threshold value was picked
as the mid-point in the grayscale value histogram for the samples between the two
peaks that represent air and ice. This binarization resulted in images that are black
for pore space and white for ice. The images were further despeckled to further reduce noise, where any objects with areas smaller than 4 pixels in both the air and ice
phases were removed. Following this step, the two- and three-dimensional analyses
were then conducted, resulting in the numerical data used in this research. Some of
these micro-CT images are shown and analyzed in Section 5.5, while the quantitative data is used throughout Section 5. Throughout Sections 4.1.2-4.1.6, the initial
microstructural aspects investigated in this research are introduced, based in-part off
their descriptions in the micro-CT’s user manual [24].
4.1.2

Porosity

The micro-CT scanner provides quantitative data on many microstructural aspects
of the firn samples. Although total bulk porosity can be measured based on the
mass of the sample without use of a micro-CT scanner, the measurements made by
the scanner provide additional information based on microstructure geometry; data
on both the closed and open porosities are provided. Closed porosity represents the
volume of the closed pores and is calculated as the percent of the combined volume
of the solid phase and closed pore volumes that is closed pores. Open porosity is
calculated as the volume of open pores as a percent of the total sample volume.
Note the difference in the denominators between closed and open porosity, where the
former is the fraction of closed pores in the volume of the solid and closed pores and
the latter is the fraction of open pores out of the entire volume of the sample. Total
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porosity represents the sum of the open and closed porosities and is a defined as the
fraction of both pore types in the entire volume of the sample.
4.1.3

Degree of Anisotropy

Another metric of interest, in addition to the porosities of the firn, is the degree
of anisotropy, which quantifies the three-dimensional symmetry of the sample’s microstructure. In a two-phase sample comprised of solid and space, as is the case with
firn, a fully isotropic material can be defined as follows: if a line were to pass through
the volume at any orientation in 3D, the line would make a similar number of intercepts through the solid space. For example, a bag of marbles would be isotropic, but
a box of spaghetti would not be isotropic. A material that is not isotropic is called
anisotropic. Isotropy and anisotropy are quantifiable along a spectrum; in the case of
the micro-CT scanner used, the data can be represented on a scale from 0 to 1, with
0 being total isotropy and 1 being total anisotropy. In the discussion of firn, a fully
isotropic firn sample would have identically-sized pores spaced out symmetrically in
all directions.
4.1.4

Structural Model Index

The Structural Model Index (SMI) describes the convexity of the solid phase of a
porous material. Specifically, positive SMI values describe the presence of convex
structures in a sample, and negative SMI values describe the presence of concave
structures in a sample. For example, an ideal plate, solid cylinder, and solid sphere
have SMI values of 0, 3, and 4, respectively [25]. Cylindrical and spherical cavities,
conversely, have SMI values of -3 and -4, respectively. In the discussion of firn, a
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positive SMI value describes ice protruding into a pore space, while a negative SMI
describes concave ice around a pore space [27]. The convex-concave threshold is
defined by the SMI value of 0.
4.1.5

Surface Density

The surface density is the ratio of the surface area of all solids present (mm2 ) in the
sample to the total volume of the sample (mm3 ). The units of surface density are
mm−1 . A high surface density represents a sample with a large amount of surface area.
A volume comprised of irregularly-shaped particles will have a higher surface density
than the volume comprised of the same mass of spherically-shaped particles.
4.1.6

Object Surface-to-Volume Ratio

Similar to surface density, object surface-to-volume ratio represents the ratio of the
solid surface to the volume of the solid. Note that the difference between these two
microstructural characteristics lies in the denominators, or the volumes to which the
surface areas are being compared. Surface density considers the entire sample volume,
which includes both the solid and space volumes, whereas surface-to-volume ratio only
considers the volume of the solid portion of the sample. Surface-to-volume ratio is
also known as "specific surface" and is considered a useful parameter for investigating
the thickness and complexity of samples.

4.2

Estimating Effective Thermal Conductivity

As first introduced in Section 2.2, researchers have long sought to determine mathematical equations with which they can accurately describe the effective thermal
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conductivity of porous materials. Using easily measurable or well-known characteristics, such as total porosity or the thermal conductivity of the solid, these equations
allow scientists to estimate the effective thermal conductivity of complex two-phase
materials without needing to physically test and measure this property directly.
In this research, four different equations are tested against the collected effective thermal conductivity data on the firn samples. These equations range in
derivation techniques and have been tested to be accurate for the specific material
for which they were designed. By visualizing to what degree the collected firn data
aligns with the predictive approaches of other researchers will lend itself to better
understanding whether certain microstructural features may dominate the effective
thermal conductivity of firn.
Russell (1935) derived an equation to estimate the effective thermal conductivity of brick with varying porosity, and he noted that the equation is applicable to
any two-phase material, so long as the variables in the equations are appropriately
matched to the two materials:

φ2/3 +
kr =

φ2/3 − φ +

ks
(1
kp
ks
(1
kp

− φ2/3 )
− φ2/3 + φ)

(8)

The well-investigated Maxwell-Eucken expression, which has been found to describe
materials with generally low porosities well, considers the known thermal conductivities of the solid and gas phases, in addition to the porosity of the material, to estimate
its effective thermal conductivity:
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kr =

kp + 2ks + 2φ(kp − ks )
kp + 2ks − φ(kp − ks )

(9)

Noting the negligibility of the pore space thermal conductivity, Tichá et al. (2005)
and Živcová et al. (2009) simplify the original Maxwell-Eucken equation by setting
the thermal conductivity of the pore space to zero:

kr =

1−φ
1 + (φ/2)

(10)

Pabst (2005) uses a Coble-Kingery approach to derive a nonlinear formula for the
porosity dependence of the effective thermal conductivity:

3
1
kr = 1 − φ + φ2
2
2

(11)

Živcová et al. (2009) proposes a modified exponential equation that uses the material’s
porosity to estimate its effective thermal conductivity:

kr = exp(

−(3/2)φ
)
1−φ

(12)

In these equations, ks is the known thermal conductivity of the solid phase and kp
is the known thermal conductivity of the pore space. Equation 10 is the result of
setting kp = 0 in Equation 9.
In general, these equations were derived using theoretical and experimental
approaches, such as electrical resistors in parallel and series. The materials that were
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implemented to originally test these equations were fabricated in laboratories, where
aspects of the material, such as pore size, shape, and distribution, could be precisely
controlled. The firn samples, on the other hand, formed naturally from snowfall over
tens of years; thus, irregular particles are expected to exist due to varying weather
patterns and the nature of post-depositional metamorphism.

Figure 5: Comparison of estimation equations based on entire range of porosities

In Figure 5, Equations 8-12 are compared across the entire possible range of
porosities in a material. For Equations 8 and 9 where the thermal conductivities of
the solid and pore space are required inputs, those of ice and air at -25°C have been
used, respectively, as quantified in Section 2.2. Of the five equations depicted, all but
Živcova et al. (2009) find themselves estimating similar relative thermal conductivities
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across the whole range of porosities. Živcova et al. (2009) estimates a notably much
lower relative thermal conductivity comparatively.
The simplified Maxwell-Eucken equation, Equation 10, estimates very similar
relative thermal conductivity values compared to the original Maxwell-Eucken equation, Equation 9. The difference lies in slightly lower results when using the simplified
equation; however, as the two equations provide such similar results overall, only the
simplified equation, Equation 10, will be considered in this research.

Page 27 of 88

5

Results: Impact of Microstructure on Effective
Thermal Conductivity

5.1

Porosity

The initial consideration in understanding the effect of microstructure on effective
thermal conductivity of firn is to look at the relationship between porosity and effective thermal conductivity. The micro-CT data provides open, closed, and total
porosities for the firn samples. In general, the density of firn increases with depth,
which signifies that the total amount of the solid phase increases or equivalently that
the pore space decreases (e.g., Freitag et al., 2004; Adolph and Albert, 2014). For
the firn samples analyzed in this research, whose depths in the South Pole firn layer
spanned from 8.72 m to 47.32 m, their porosities were majority open, with only a
fraction of a percentage being closed pores.
Table 6: Sample porosities
Sample

Closed Porosity

Open Porosity

Total Porosity

SP_8.47_3
SP_9.52_1
SP_10.61_8
SP_22.71_2
SP_27.04_6
SP_40.36_5
SP_46.63_7

0.007%
0.003%
0.002%
0.008%
0.011%
0.046%
0.063%

54.8%
66.6%
51.1%
56.1%
53.0%
53.2%
49.5%

54.8%
66.6%
51.5%
56.1%
53.0%
53.2%
49.5%

Table 6 shows the closed, open, and total porosities determined by micro-CT
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imaging for each analyzed sample. Based on the open and closed porosity measurements, it is known that these firn samples were extracted from the firn layers at
depths above pore close-off, as below that depth, only closed porosity would exist
(e.g., Lomonaco et al., 2011). To compare the total porosity measurements made by
micro-CT imaging with the estimations achieved from the bulk measurement using
Equation 2, Figure 6 shows the differences in results for the two methods.

Figure 6: Differences in total porosities based on method of measurement

It is evident that the bulk measurements of total porosity, which consider
the mass of the sample, its total volume, and the density of ice, result in lower
total porosity estimates compared to those derived from micro-CT imaging. The
calculation of the total porosity from micro-CT measurements uses measurements
from images taken on a number of planes, or virtual slices, scanned through the
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sample at a number of specific heights in the sample. Thus, the results of the microCT measurements depend on the resolution of the images and the number of virtual
slices. In order to ensure continuity in measurement sources as they relate to microCT measurements, the total porosity measurements considered from this point on
will be those captured by micro-CT imaging.
Figure 7 shows the total porosities, as measured by micro-CT imaging, of the
samples compared to their depths. Overall, there is a slight decrease in total porosity
as the depth of the sample increases. While the closed porosities of the samples
slightly increase with increased depth, their increase is on a much smaller order of
magnitude than the decrease in open porosities with increased depth. To accurately
represent the total pore space present in the samples, taking both open and closed
porosity into account, the total porosity data will be considered and analyzed in this
research.
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Figure 7: Total porosities of the samples based on their depths in the firn layer

Notably, from this data it is evident that the porosity across short spans of
depth can vary greatly. For example, this phenomenon is seen when comparing samples SP_9.52_1 and SP_10.61_8, which were originally 1.74 m apart in the firn layer.
Their total porosities have a difference of 15.5%. Additionally, the total porosities of
samples SP_27.04_6 and SP_40.36_5 differ by only 0.2%, though they were located
13.27 m apart in the firn layer. Table 7 shows the total porosities and depths of these
two pairs of data side-by-side.
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Table 7: Two pairs of firn samples: comparing porosity and depth
Sample Pair

Difference in Depth (m)

Difference in Total
Porosity (%)

SP_9.52_1
SP_10.61_8

1.74

15.5

SP_27.04_6
SP_40.36_5

13.27

0.2

In this analysis, these two pairs of interesting data—samples close in depth
with large differences in porosity and samples far apart in depth but with similar
porosities—will be useful to understand the effect of porosity on the effective thermal
conductivity of firn.
As outlined in Section 3.7, each firn sample was tested four separate times to
measure the effective thermal conductivity, and in one sample, a fifth test was also
conducted. In Figure 8, the effective thermal conductivities of the firn samples as a
function of their total porosities are shown.
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Figure 8: Measured effective thermal conductivities, shown in blue, and average
effective thermal conductivity per sample, shown in red, compared to their porosities

There is a slight trend that as the total porosity decreases the effective thermal
conductivity increases; this trend matches the initial hypothesis of the research and
aligns with the same well-investigated hypothesis of previous researchers. Looking
again at the interesting two pairs of samples, an important determination about the
effect of porosity on the effective thermal conductivity of firn can be made. Samples
SP_9.52_1 and SP_10.61_8, which were located close together in the firn layer but
had a large variance in their porosities, have measured effective thermal conductivities
that are close together, with the difference in their averages being only 0.056 W/mK.
Comparing samples SP_27.04_6 and SP_40.36_5, which were located far apart in
the firn layer but had close porosities, the difference in the averages of their measured
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effective thermal conductivities is 0.206 W/mK. As before, these pairs of samples and
their data are shown side-by-side in Table 8.
Table 8: Two pairs of firn samples: comparing porosity and effective thermal conductivity
Sample Pair

Difference in Total
Porosity (%)

Difference in Effective
Thermal Conductivity
(W/mK)

SP_9.52_1
SP_10.61_8

15.5%

0.056

SP_27.04_6
SP_40.36_5

0.2%

0.206

It becomes evident when simply comparing these two pairs of samples that
porosity alone does not determine the effective thermal conductivity of firn. If it did,
the samples with close porosities would have similar effective thermal conductivities
and vice versa; however, that is not the case. When implementing the estimation
equations derived by previous researchers, it is expected that the measured effective
thermal conductivities of firn will not fully line up with the predictions. If this is
the case, then it further supports the hypothesis that there are other factors that
contribute to determining the firn’s thermal conductivity.

5.2

Estimating Effective Thermal Conductivity

The equations discussed in Section 4.2 consider a combination of the porosity of the
sample and the thermal conductivities of the solid and pore phases to estimate its
effective thermal conductivity. Though porosity alone does not seem to dictate the ef-
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fective thermal conductivity of firn, comparing the measured conductivity data to the
well-established estimation equations may provide insight into how porosity may still
play a partial role in determining the firn’s effective thermal conductivity. Figure 9
shows the expected effective thermal conductivities based on the these equations; the
measured effective thermal conductivities for each sample are shown as well.

Figure 9: Actual effective thermal conductivities compared to predicted effective
thermal conductivities as a function of porosity

As first seen when comparing these equations with all possible porosities to
understand how they predict relative thermal conductivity in Figure 5, save for the
equation from Živcová et al. (2009), the equations predict similar effective thermal
conductivities. From Figure 9, it is evident that the effective thermal conductivity of
firn is not solely dependent on its porosity, since the measured data does not follow
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the same trend as the shown estimation equations do. Since the measured effective
thermal conductivities instead vary in unpredicted ways, it will be useful to zoom
in on the samples and analyze their microstructures in search of characteristics that
may contribute to the effective thermal conductivity of firn.
In Section 4.2, it was determined that, due to the similarity in results between the original Maxwell-Eucken equation (Equation 9) and the simplified MaxwellEucken equation (Equation 10), only the latter would be considered in this research.
For completion’s sake, the firn data was tested against both equations, and as predicted, the original equation results in effective thermal conductivities which are
slightly greater than those estimated using the simplified equation. The percent
differences of the resulting effective thermal conductivities estimated using these two
equations ranges from 1.6% - 3.0%, thus, as described, the original equation has been
omitted from this research.
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Figure 10: Actual effective thermal conductivities compared to predicted effective
thermal conductivities as a function of depth

Before focusing in on the microstructure of firn, however, the research can be
guided by the following noteworthy trend that becomes evident when plotting the
effective thermal conductivities of the firn samples as a function of their depths. As
seen in Figure 10, the measured effective thermal conductivities increase with an
increase in depth, meaning the deeper in the firn layer the sample was located, the
higher its thermal conductivity. Again, these results are plotted against the predictive
equations, which highlight what the pattern of the expected effective thermal conductivities might be, provided they were dependent only on porosity and the thermal
conductivities of the two individual phases, ice and air. Isolating just the measured effective thermal conductivities, the positive trend can be more easily viewed, as shown
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in Figure 11.

Figure 11: Measured effective thermal conductivities as a function of depth

For the samples that originated shallower in the firn layer, they heavily diverge
from the expected pattern described by the equations from Russell (1935), the simplified Maxwell-Eucken equation, and Pabst (2005). The samples from deeper in the firn
layer, namely the four deeper samples investigated in this research, more closely align
with the expected values from the three aforementioned equations. This dichotomy
between the shallower samples diverging from the expectation of porosity-dependent
effective thermal conductivities and the deeper samples more closely aligning with the
expected range and pattern may indicate that, with increased depth, the porosity of
the firn plays a more dominant role in determining the effective thermal conductivity,
whereas closer to the top of the firn layer, other factors may dominate. It is known
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for quantities such as density, that in nature the near-surface firn has different relationships with depth than does firn much deeper (Herron and Langway, 1980). This
knowledge will help guide the research into how the firn’s microstructure may play a
role in determining its effective thermal conductivity in certain ranges of depths.
Comparing the depth of the sample in the firn layer to the measured effective
thermal conductivities, there is a clear increase in effective thermal conductivity with
increased depth. When modelled as a linear regression, the relationship has an Rsquared value of 0.939 and a p-value of 6.32 × 10−18 , which support a high linear
correlation in effective thermal conductivity and depth that is statistically significant.
The linear relationship can be modelled as

k = 0.53511 + 0.0.010393 · d

(13)

where d is the depth of the sample in the firn layer. Equation 13 is based
solely off the measured effective thermal conductivities of the seven firn samples investigated in this research. With a greater number of samples considered, the model
is likely to shift; however, the strong linear correlation between depth and effective
thermal conductivity would be expected to persist, nonetheless. Though there is an
evident depth-dependence, depth alone is not a material property of firn; therefore,
microstructural characteristics, which may show similar depth-dependent trends, will
be investigated.
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5.3

Microstructural Effects on Effective Thermal Conductivity

Depth is not a microstructural characteristic of firn, rather a description of each
sample’s original location within the firn layer. Though a linear relationship between depth and effective thermal conductivity in firn has been demonstrated, the
microstructural aspects that are being directly affected by depth need to still be
investigated.
5.3.1

Degree of Anisotropy

The degree of anisotropy quantifies the three-dimensional symmetry of the sample’s
microstructure along a particular directional axis. In firn, a fully isotropic firn sample
would have identically-sized particles spaced out symmetrically in all directions. The
degree of anisotropy is represented on a scale from 0 to 1, with 0 being total isotropy
and 1 being total anisotropy. Table 9 lists the degree of anisotropy for each firn
sample, as measured by the micro-CT scanner, as well as the samples’ total porosities
and average measured effective thermal conductivities.
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Table 9: Degrees of anisotropy of samples
Sample

Degree of
Anisotropy

Total Porosity

Avg. Thermal
Conductivity
(W/mK)

SP_8.47_3
SP_9.52_1
SP_10.61_8
SP_22.71_2
SP_27.04_6
SP_40.36_5
SP_46.63_7

0.10
0.17
0.14
0.13
0.12
0.07
0.07

54.8%
66.6%
51.1%
56.1%
53.0%
53.2%
49.5%

0.635
0.617
0.673
0.776
0.785
0.991
1.018

Degree of anisotropy is a powerful metric, though its interpretation in the case
of firn can be initially misleading. Total isotropy in a material means that the material
along any particular axis through the three-dimensional shape is symmetrical to all
other axes. In a porous material, such as firn, this means that an axis through the
firn sample would intersect a symmetrical amount of ice particles and pore space,
regardless of the location or angle of the axis. Therefore, two samples can have the
same degree of anisotropy yet different porosities, or they can have the same porosity
yet different degrees of anisotropy. These cases are both visible in Table 9.
In a fully isotropic material, the effective thermal conductivity would be the
same in any direction; otherwise, the effective thermal conductivity of the material
depends on direction (Loeb, 1954). This research measured the effective thermal
conductivities of firn in the vertical direction only. Previous studies of firn anisotropy
found that the increase in anisotropy occurred in the top 3 meters of firn at Summit,
Greenland (Lomonaco et al., 2011) and the top 2.5 meters of firn at Hercules Dome,
West Antarctica (Hörhold et al., 2009). Figure 12 depicts the degree of anisotropy of
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each sample compared to the samples’ depths.

Figure 12: Degree of anisotropy as a function of depth

Generally, the same trend that was found in two other firn sites is evident with
the selected samples from the South Pole. These firn samples increase in anisotropy
in the first few meters of the firn layer, followed by a decrease in anisotropy with
increased depth until it steadies out near isotropy beyond a certain depth. In considering the role the degree of anisotropy of firn may play in determining its effective
thermal conductivity, it was previously seen that there is a linear relationship between
effective thermal conductivity and depth. Excluding the shallowest sample, this same
linear relationship is visible between the effective thermal conductivity and degree of
anisotropy of firn, as shown in Figure 13.
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Figure 13: Measured effective thermal conductivities as a function of the degree of
anisotropy of each sample

Because of the anomaly of this shallowest sample investigated, it cannot be
said that degree of anisotropy directly correlates to effective thermal conductivity in
firn.
5.3.2

Structural Model Index

The Structural Model Index (SMI) quantifies the convexity of the microstructure of a
sample. Whereas the degree of anisotropy concerns itself with the overall symmetry
of the solid and pore space together, SMI describes the convexity-concavity of the
material. In firn, a positive SMI value describes ice protruding into a pore space,
while a negative SMI describes concave ice around a pore space. Table 10 provides
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the SMI data on each sample, in comparison with their total porosities and average
effective thermal conductivity.
Table 10: Structural Model Index of samples
Sample

SMI

Total Porosity

Avg. Thermal
Conductivity
(W/mK)

SP_8.47_3
SP_9.52_1
SP_10.61_8
SP_22.71_2
SP_27.04_6
SP_40.36_5
SP_46.63_7

0.72
1.27
-0.01
0.51
0.16
-0.46
-0.98

54.8%
66.6%
51.1%
56.1%
53.0%
53.2%
49.5%

0.635
0.617
0.673
0.776
0.785
0.991
1.018

From first glance at the numerical data, it is difficult to discern whether there
is a correlation between SMI and effective thermal conductivity. Figure 14 depicts
this relationship between the measured effective thermal conductivity and the SMI of
the firn samples.
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Figure 14: Relationship between SMI and effective thermal conductivity

Although the trend is slightly noisy, there is a general increase in the effective thermal conductivity as SMI decreases. Knowing that there is a clear trend
between depth and effective thermal conductivity, plotting sample depth against SMI
will either reveal that a similar trend exists or does not exist; this plot is shown in
Figure 15.
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Figure 15: Relationship between SMI and depth of firn samples

Similar to the relationship between SMI and the effective thermal conductivity,
there is an evident decrease in the SMI with an increase in depth, specifically with the
four deepest samples. Knowing that deeper firn approaches isotropy as the structure
nears pore close-off, this trend in these deeper samples is logical, as negative SMI
values indicate concave ice surrounding pore space. In the three shallower samples,
however, there is not a direct correlation between SMI and depth, such as the one
seen when comparing effective thermal conductivity and depth.
5.3.3

Surface Density

Surface density describes the ratio of the total surface area of all solids in the sample
to the total volume of the sample, including both solid and pore space. Samples with
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a larger amount of surface area to their solid-phase volume will have a higher surface
density. It is expected that, on a general level, deeper samples will have lower surface
densities, given their increased compression from the weight of firn and snow above
them and their decrease in open porosity. Table 11 shows the surface density, total
porosity, and average effective thermal conductivity of each firn sample.
Table 11: Surface density of samples
Sample

Surface
Density
(1/mm)

Total Porosity

Avg. Thermal
Conductivity
(W/mK)

SP_8.47_3
SP_9.52_1
SP_10.61_8
SP_22.71_2
SP_27.04_6
SP_40.36_5
SP_46.63_7

3.69
4.49
4.48
4.32
4.57
3.87
3.85

54.8%
66.6%
51.1%
56.1%
53.0%
53.2%
49.5%

0.635
0.617
0.673
0.776
0.785
0.991
1.018

The surface densities of the investigated firn samples range from 3.69 to 4.57
mm−1 . Interestingly, the sample with the lowest surface density is the shallowest
sample included in this research, given the expected decrease in surface density with
depth. To better visualize the relationship between the surface density of the samples and their effective thermal conductivities, the data has been plotted in Figure 16.
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Figure 16: Surface density compared to effective thermal conductivities of samples

As with both degree of anisotropy and SMI, there is an evident decrease in
surface density with effective thermal conductivity. Again, however, there is an outlier
in the data; specifically the shallowest sample, whose surface density is 3.69 mm−1 .
Excluding this sample, there is a clearer negative trend in the data.
In the search for understanding on a microstructural level why the effective
thermal conductivity of firn increases with an increase in depth, this characteristic
does not offer an explanation. Because of the correlation between effective thermal
conductivity and depth, plotting the relationship between surface density and depth
results in a similar pattern, as shown in Figure 17.

Page 48 of 88

5.3 Microstructural Effects on Effective Thermal Conductivity

Figure 17: Surface density compared to depth of samples

Based on these findings, it cannot be said that surface density directly affects
the effective thermal conductivity of firn.
5.3.4

Object Surface-to-Volume Ratio

Object surface-to-volume ratio is a similar metric to surface density. Whereas the
former is the ratio of surface area to total volume of the sample, the latter only
considers the volume of the solid in the ratio, to which the total surface area is still
compared. Because of the different definition of total volume in this characteristic,
the data differs from surface density. Table 12 lists relevant data for the comparison
of each sample.

Page 49 of 88

5.3 Microstructural Effects on Effective Thermal Conductivity
Table 12: Object surface-to-volume ratio of samples
Sample

Object
Surface-toVolume
Ratio
(1/mm)

Surface
Density
(1/mm)

Total
Porosity

Avg.
Thermal
Conductivity
(W/mK)

SP_8.47_3
SP_9.52_1
SP_10.61_8
SP_22.71_2
SP_27.04_6
SP_40.36_5
SP_46.63_7

8.18
13.43
9.17
9.83
9.71
8.26
7.63

3.69
4.49
4.48
4.32
4.57
3.87
3.85

54.8%
66.6%
51.1%
56.1%
53.0%
53.2%
49.5%

0.635
0.617
0.673
0.776
0.785
0.991
1.018

From this data, it is evident that there is a similar trend to the surface density
of the samples, whereby the characteristic increases in value in the shallowest two
samples, followed by a general decrease with increased depth. The object surface-tovolume ratio ranges from 7.63 to 13.43 mm−1 , with the lowest value being the deepest
sample, unlike with surface density where it was the shallowest sample with the smallest ratio of surface area to volume. Comparing the object surface-to-volume ratio to
the effective thermal conductivities, their relationship can be seen in Figure 18.
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Figure 18: Object surface-to-volume ratio compared to effective thermal conductivity

It is difficult to discern whether there is a trend within this set of data — a
positive, negative, and quadratic trend could all be hypothesized on first glance. A
negative trend would be expected based on the same logic as surface density, where
a decrease in the ratio occurs as the firn becomes more compressed. Nonetheless,
this microstructural metric cannot be confidently used to understand the values of
effective thermal conductivity.

5.4

Density

It has been demonstrated that neither porosity alone nor expected microstructural
features can explain the measured effective thermal conductivities of the firn samples.
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What is known is that, as depth increases, so does the effective thermal conductivity.
Taking a step back, it can be recognized that, as snow falls upon the surface of the
ice sheets, there will be an increase in the pressure to the firn and ice layers below
the surface. Table 13 shows the density, depth, and average thermal conductivity of
each firn sample.
Table 13: Density of samples
Sample

Density
(g/cm3 )

Depth (m)

Avg. Thermal
Conductivity
(W/mK)

SP_8.47_3
SP_9.52_1
SP_10.61_8
SP_22.71_2
SP_27.04_6
SP_40.36_5
SP_46.63_7

0.47
0.46
0.50
0.55
0.59
0.61
0.63

8.72
9.57
11.31
22.81
27.59
40.85
47.32

0.635
0.617
0.673
0.776
0.785
0.991
1.018

Knowing that there is an increase in pressure with depth, it is expected that
the deeper the firn, the more compact it becomes and therefore the higher its density.
Just from the looking at the numerical data, it appears that this trend does exist,
where an increase in depth leads to an increase in density. Figure 19 compares these
two sets of data.
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Figure 19: Comparison of the density and depth of the samples

As expected, there is a clear increase in density of samples with an increase in
depth. Ranging from 0.46 to 0.63 g/cm3 , the sample with the lowest density is the
second shallowest firn sample and the one with the highest density is the deepest.
Recalling the relationship between the effective thermal conductivity and depth of
the firn samples, it can be expected that when now comparing density to the effective
thermal conductivities, a plot similar to Figure 19 will be seen. This plot is shown
in Figure 20, comparing the density and effective thermal conductivities of the firn
samples.
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Figure 20: Comparison of the effective thermal conductivity and depth of the samples

Comparing the density of the sample in the firn layer to the measured effective
thermal conductivities, there is a clear increase in effective thermal conductivity with
increased depth. When modelled as a linear regression, the relationship has an Rsquared value of 0.861 and a p-value of 4.27 × 10−13 , which support a high linear
correlation in effective thermal conductivity and depth that is statistically significant.
The linear relationship can be modelled as

k = 0.53511 + 0.0.010393 · ρ

(14)

where ρ is the density of the firn sample. Equation 14 is based solely off the measured
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effective thermal conductivities of the seven firn samples investigated in this research.
With a greater number of samples considered, the model is likely to shift; however,
the strong linear correlation between density and effective thermal conductivity would
be expected to persist, nonetheless. Given the straightforward nature of why the
density of firn increases with increased depth, this finding, where the effective thermal
conductivity is correlated to the density of the firn, is a simple yet powerful tool to
estimate the effective thermal conductivity of firn.

5.5

Micro-Computed Imaging

In addition to the numerical data provided by the micro-CT scans of each sample,
images of each slice of data exist for each sample as well. These two-dimensional pictures provide a tool that allows for the visualization and comparison of the structure
of firn. The initial investigation into the effect of microstructural characteristics on
the effective thermal conductivity of firn found no connection—or, at a minimum in
the near-surface layer where porosity does not have as large of an effect as it does
in the deeper firn layers—yet the micro-CT images provide a different, more visual
approach to understanding what is changing within the different firn samples. The
inclusion of these images is important to this research, since considering the numerical
data alone may lead to misunderstandings of what is occurring in firn.
In this portion of the research, image slices from four of the seven previously
measured firn samples are investigated. The three shallowest samples, where unexplained variations in the data occur, were chosen, as well as the deepest firn sample,
which acts as a reference to the shallower samples. For each of these samples, two
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images were chosen: one from the section of the sample with the highest local porosity and one from the section of the sample with the lowest local porosity. Figure 21
shows the selected image of each sample taken from the sections of lowest local porosity.

(a) SP_8.47_3

(b) SP_9.52_1

(c) SP_10.61_8

(d) SP_46.63_7

Figure 21: Micro-CT images of the four selected samples, showing a cross-section
taken from the layers of lowest local porosity in each sample
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In these images, the white represents the solid ice phase and the black represents the pore space. Recall that the deepest firn sample investigated in this research
has an effective thermal conductivity greater than the three shallowest samples. When
comparing the image of the cross-section of the deepest sample to those of the shallower samples, there is a noticeable difference present. In Figure 21d, the solid phase
looks to be more interconnected than in the other three samples, highlighting how
the ice particles have become more compressed together and have thus formed thicker
particles.
The local minimum porosities of samples SP_10.61_8 and SP_46.63_7 differ
by only 3.49%; however, comparing Figures 21c and 21d side-by-side, there is a stark
difference in their ice-pore composition. Whereas sample SP_46.63_7 has thick sections of ice enclosing larger pores, sample SP_10.61_8 consists of much smaller ice
particles intermixed with smaller pores. Depending on whether there are many small
pathways of ice or fewer thicker pathways of ice through which the heat can conduct,
it can be reasoned that, if there are larger pathways of ice, heat will be able to conduct
through them more rapidly than through many thin, complex pathways that twist
and turn throughout the sample. Considering the measured effective thermal conductivities of these two samples, where sample SP_10.61_8 has a value of 0.673 W/mK
and SP_46.63_7 has a value of 1.018 W/mK, there is a much larger difference in
this value than in their porosities. Because of this difference, it is hypothesized that
the thickness of the ice particle connections within firn plays a role in determining its
effective thermal conductivity.
Testing this hypothesis against the two shallowest firn samples investigated,
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recall that sample SP_9.52_1 has a measured effective thermal conductivity slightly
lower than sample SP_8.47_3. Comparing their cross-sectional images in Figures 21a
and 21b, it is apparent that sample SP_9.52_1 has more smaller particles of ice
present than sample SP_8.47_3, in addition to having a higher local porosity at this
cross-section. Thus, the hypothesis stands, as the sample with smaller, more disconnected ice particles has a lower effective thermal conductivity. In the case of samples
SP_10.61_8 and SP_46.63_7, they had similar porosities—both total and local—
which led to the discussion of ice particle interconnectedness and the relationship
between that characteristic and the firn’s effective thermal conductivity. Looking at
samples SP_8.47_3 and SP_9.52_1, the latter of which does have a notably higher
porosity, it still stands that the sample with smaller solid-phase particles has the
lower effective thermal conductivity.
This working hypothesis between the size of interconnected ice particles and
the effective thermal conductivity of firn was determined using cross-sectional images
of the four samples at the points of lowest local porosity within each sample. To
ensure the viability of this hypothesis, the same comparisons can be conducted on
cross-sectional images of each sample at the points of highest local porosity. Because
of the seasonal layering within firn, the interconnected nature and size of the ice
particles may change drastically within a sample. By looking at the areas of highest
local porosity, it would be expected that these sections could have different trends in
how interconnected the ice particles are, which could challenge the present hypothesis.
Figure 22 shows the four micro-CT images of highest local porosity in each of the
four samples being considered.
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(a) SP_8.47_3

(b) SP_9.52_1

(c) SP_10.61_8

(d) SP_46.63_7

Figure 22: Micro-CT images of the four selected samples, showing a cross-section
taken from the layers of highest local porosity in each sample

By visual inspection, it is again evident that when comparing Figures 22c
and 22d, sample SP_46.63_7 has much more pronounced and interconnected particles of ice than sample SP_10.61_8. Though these two samples have similar porosi-
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ties, the higher effective thermal conductivity of sample SP_46.63_7 can still be explained by the larger size and interconnection of ice particles throughout the sample.
Comparing Figures 22a and 22b, sample SP_9.52_1 again has more disconnected ice
particles than sample SP_8.47_3. With the hypothesis that smaller, more complex
pathways of interconnected ice through which the heat must conduct through firn
will cause for lower effective thermal conductivities, these samples additionally appear to agree; in Section 5.6, a quantitative approach to confirming this visually-based
hypothesis will be taken.

5.6

The Euler-Poincaré Number

The Euler-Poincaré number, commonly referred to as the "Euler number," is a metric
that quantifies the connectedness of a three-dimensional complex structure. Namely,
it measures the redundancy of connections within a microstructure and describes how
many connections within the structure can be severed before the object becomes two
separate structures. The equation for the Euler number of a three-dimensional object
is given by

χ(X) = β0 − β1 + β2

(15)

where the three independent variables are the three Betti numbers. β0 is the number
of objects, β1 is the connectivity, and β2 is the number of enclosed cavities; the
micro-CT handles these calculations and provides the data as an overall value for the
three-dimensional sample as well as for each two-dimensional slice of the sample.
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With the hypothesis that larger connections of ice within a firn sample leads
to higher effective thermal conductivity, the Euler number can provide a quantitative
evaluation of this theory. Since the Euler number describes the number of connections
within the microstructure that can be severed before the sample is split into two
separate structures, then it can be extrapolated to compare the structures of different
firn samples. Imagine three samples: sample A has a low density and low Euler
number; sample B has a low density and high Euler number; and sample C has a high
density and low Euler number. Between samples A and B, since they have similar
densities but different numbers of redundant connections in their microstructures,
then it can be interpreted that sample B, which has more connections than sample A,
would have thinner pathways connecting the ice, based on their densities. Between
samples B and C, it can be interpreted that sample C has thicker connections between
ice particles, since it not only have a higher density than sample B, but it also has
fewer redundant connections. Thus, based on the Euler number and density, the
thickness of the ice particle connections can be inferred. This type of analysis will be
applied to the seven measured firn samples using the two-dimensional Euler numbers
to determine whether the thickness of the connections within firn’s microstructure
may play a role in determining its effective thermal conductivity.

Page 61 of 88

5.6 The Euler-Poincaré Number

Figure 23: Above: Euler numbers for each slice of the seven investigated firn samples, with the average Euler number for each sample shown in red; below : measured
effective thermal conductivities of each firn sample, aligned with the Euler number
plots to highlight their similar trends
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In Figure 23, the seven plots of each firn sample’s individual Euler numbers for
each micro-CT slice are shown. The plots are ordered with the shallowest firn sample
on the left and the deepest firn sample on the right. The y-axis of the Euler number
plots are consistent across all samples to demonstrate their relative differences. Below
the Euler number plots is a plot of the measured effective thermal conductivities of
the firn samples, with the y-axis reversed. From visual inspection, a similar trend can
be seen between the Euler numbers and the measured effective thermal conductivities
of the firn samples.
Density has been shown in Section 5.4 to increase with increased effective thermal conductivity, taking note that the second shallowest sample has a slightly lower
density than the shallowest sample. With this knowledge, coupled with the Euler
numbers, it becomes evident that firn samples with higher Euler numbers in Figure 23 have more thin connections of ice particles than the samples with lower Euler
numbers, which have fewer, larger ice particle connections. The similarities between
the Euler numbers and the measured effective thermal conductivities of the firn samples supports the hypothesis that firn samples with thicker ice particle connections
conduct heat more rapidly than samples with smaller, more numerous ice particle
connections.
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Thermal Diffusivity of Polar Firn
Previous Estimations

The thermal diffusivity quantifies the rate at which heat can diffuse through a certain
material. There are no known published direct measurements of the effective thermal
conductivity—and thereby the thermal diffusivity—of firn. However, the thermal
diffusivity of firn is useful for ice sheet and climate modeling, and for heat and mass
balances of the ice sheets, especially in the near-surface firn layer, where remote
sensing techniques can be used to detect electromagnetic signals on the near-surface
firn.
Previously, researchers have based their firn diffusivity models on empirical
density relationships developed for seasonal snow. However, given the significant
differences in structure between snow and firn, these models are not appropriate.
Clemens-Sewall et al. (in review) presented estimates of the bulk thermal diffusivity
of polar firn, based on measured temperature and density profiles at various sites
on the Greenland and Antarctic ice sheets, thereby considering the specific material
properties of firn previously ignored in models. These models determined that, for
firn at 12 different test sites, the bulk thermal diffusivity varies between 18.3 - 28.8
m2 /a, based on measurements from between 2.0 - 10.5 m depth. At the South Pole
location specifically, the estimated bulk thermal diffusivity was found to be 18.3 m2 /a
and the average density was 0.429 g/cm3 . Being the sole estimation that treats firn
as a material distinct from seasonal snow, it will be useful to compare the first direct
thermal diffusivity measurements of firn with this model.
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6.2

Direct Measurement Results

As defined in Section 3.4, the thermal diffusivity can be calculated by dividing the
thermal conductivity by both the density and specific heat capacity of the material.
The results of these calculations were previously tabulated in Table 5, and they are
graphed in Figure 24 with respect to the depth of the sample. The estimated bulk
thermal diffusivity for firn between 2.0 - 10.5 m at the South Pole from Section 6.1
was 18.3m2 /a. The direct measurements from this research for the firn samples at
depths of 8.72 m and 9.57 m resulted in thermal diffusivities ranging from 20.2 - 22.3
m2 /a and 19.3 - 22.2 m2 /a, respectively. Recognizing that the thermal diffusivity of
firn increases with depth, the estimation of bulk thermal diffusivity for firn above and
including the depths of the two aforementioned samples, then the estimated value
aligns with the trend of the measured values.
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Figure 24: Thermal diffusivities of firn samples as a function of depth, with the
estimation of the South Pole firn’s thermal diffusivity shown in red

From the apparent trend, it is evident that there is an increase in thermal
diffusivity with increase in depth. Since a higher thermal diffusivity means that
heat transfers more rapidly through the material, it is additionally known that heat
transfers more rapidly through firn that is deeper within the firn layer. Given the
dependence of thermal diffusivity on thermal conductivity, it follows that both the
thermal conductivity and thermal diffusivity of the measured firn samples increase
with increased depth. Overlaying these two sets of data in Figure 25, their similar
trends with respect to depth can be visualized.
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Figure 25: Thermal diffusivity, blue, and thermal conductivity measurements, red,
overlaid

Comparing the thermal diffusivity and thermal conductivity measurements, it
is important to recall that the units are different: m2 /a (diffusivity) and W/mK (conductivity). One point of note with the thermal diffusivity data is the greater spread
of values within a sample. Whereas the effective thermal conductivities measured for
each firn sample varied around 0.1 - 0.2 W/mK, the thermal diffusivity values within
a given sample range between 3 - 4 m2 /a. This greater spread in thermal diffusivity
measurements arises from the scaling of the thermal conductivity measurements by
1/ρCp , as well as converting those results from m2 /s to m2 /a, the latter of which is
the desired units in this field of research.
If the same approach as Section 5 was taken to compare the thermal diffusivity
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measurements with the various material and microstructural properties, similar trends
would be apparent because of the similarity between the two sets of data. In the case
of thermal diffusivity, however, the trends with the various properties may be less
clear, given the wider spread of thermal diffusivity data within a given sample.

Figure 26: Measured thermal diffusivities, shown in red, and average thermal diffusivity per sample, shown in blue, compared to their porosities

Figure 26 compares the thermal diffusivity measurements, as well as the averaged thermal diffusivity per sample, to the total porosity of each firn sample. When
previously comparing the effective thermal conductivity measurements to porosity,
a clearer negative trend was apparent. Nonetheless, there is a general decrease in
total porosity with increased thermal diffusivity, yet it is more difficult to concretely
visualize that trend from the plotted data.
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While additional investigations could be pursued comparing the thermal diffusivity measurements to the rest of the material and microstructural features analyzed
in Section 5 using the effective thermal conductivity data, the linear relationship
between thermal diffusivity and thermal conductivity would lead to similar results.
Therefore, the results on the impact of microstructure on the effective thermal conductivity of polar firn can be associated with thermal diffusivity as well.
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7.1

Discussion
Microstructural Impact on Effective Thermal Conductivity

The first consideration in hypothesizing the effect of microstructure on the effective
thermal conductivity of polar firn was that there is a direct correlation between porosity and effective thermal conductivity. Since heat transfer through firn is dominated
by conduction through the solid phase, it was expected that an increase in porosity
would lead to a decrease in the effective thermal conductivity. This hypothesis aligned
with the equations of previous researchers who sought to estimate the effective thermal conductivity of other porous materials; the equations mainly consider porosity
as the defining factor to determine the relative thermal conductivity.
When comparing the porosity data from the firn samples with each estimation
equation, the estimated and measured effective thermal conductivities do not all align.
Namely, the equations estimate a drastic difference in effective thermal conductivity
between the three shallowest firn samples examined in this research because of their
difference in total porosities, such as in the range of 0.55 - 1.05 W/mK. However,
the average measured effective thermal conductivities of those three samples are all
between 0.61 - 0.68 W/mK. Evidently, porosity alone fails to provide a way to fully
estimate the effective thermal conductivity of firn, which means it also is not the sole
determiner of that value. In the deeper firn samples, the estimated effective thermal
conductivities more closely aligned with the actual measured values.
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Based on the relationship between the effective thermal conductivity estimated
from total porosity and the measured effective thermal conductivity of firn at depths
beneath the upper firn layer, it can be concluded that total porosity may be the
defining factor in the effective thermal conductivity of firn in that range of >20
meters. For the upper layer of firn, further research into how the microstructure of
those samples may play a role in determining the effective thermal conductivity was
carried out.
The degree of anisotropy, which quantifies the directional symmetry of a threedimensional sample, was investigated. Save for the shallowest firn sample, there was
a clear increase in effective thermal conductivity with increase in isotropy. However,
this outlier signifies that the degree of anisotropy of firn is not a main determiner of
its effective thermal conductivity. If it did play a dominating role in this determination, then the shallowest sample would be expected to have an effective thermal
conductivity of approximately 0.93 W/mK, which is around 0.3 W/mK more than
its measured value and would align the sample with those in the range of 32 - 37 m
in depth, compared with its actual depth of 8.72 m.
The Structural Model Index, which quantifies the convexity-concavity of the
firn samples, was investigated. Across all the samples, there is a general decrease in
SMI with increased effective thermal conductivity. Qualitatively, this finding means
that as the composition of the firn changes from ice protruding into pore space to
concave ice surrounding pores, the effective thermal conductivity generally increases.
Instinctively, this relationship between SMI and effective thermal conductivity agrees
with what is expected, since firn below pore close-off near the start of the ice layer
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would be comprised completely of ice surrounding pores. Knowing that ice has a
higher thermal conductivity than the measured effective thermal conductivities, then
it is further known that these deep firn samples would have effective thermal conductivities greater than those shallower in the firn layer.
In the shallowest three samples investigated in this research, there is a large
spread of SMIs, ranging from -0.01 to 1.27. Since near-surface firn has not experienced
as much compression as firn much deeper in the layer, there can be a wide variety
of grain types present in the shallower firn samples. This possibility for greater
differences in grain size and type in near-surface firn may account for this spread of
SMIs in the shallowest firn samples investigated. In firn samples below 20 m, porosity
plays a key role in determining the effective thermal conductivity, yet in the upper
layer, this value may be heavily affected by the size and shape of the ice particles, as
the micro-CT imaging analysis revealed.
From the analysis of the surface density of the firn samples, which is the ratio of the total surface area of all solids in the sample to the volume of the sample,
including both solid and pore space, there again existed an almost-complete relationship between surface density and effective thermal conductivity. In the cases of both
surface density and object-to-surface ratio, which is the ratio of total solid surface
area to the volume of only the solid phase, the shallowest firn sample acted as the
outlier. The surface density and object-to-surface ratio of this sample is lower than
it would be expected, if compared to the trend created from the other samples investigated. Specifically, the deeper samples tend to have a stronger trend, whereas the
shallower samples acted more unpredictably, preventing any concrete determination
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of the effect of either surface density or object-to-surface ratio on the effective thermal
conductivity of firn.
Although there is a lack of any certain trend between a microstructural characteristic and the measured effective thermal conductivities of firn, there is a strong
trend between both depth and effective thermal conductivity and density and effective
thermal conductivity. Recognizing that, as layers of firn become further compressed
under the weight of the newer layers above it, both their relative depth and density
increase. Because of these artifacts, it raises the question of whether the effective
thermal conductivity of firn, while not directly correlated with any of the hypothesized microstructural characteristics, could be correlated with how compressed and
interconnected the ice particles are. To address this wonder, micro-CT images from
the three shallowest and one deepest sample in this research were reviewed.
After comparing the cross-sectional images from both the areas of lowest and
highest local porosity within each sample with those of the other samples, it became
apparent that there is a trend between the size and interconnected nature of the ice
particles and the effective thermal conductivity of firn. This trend became clearest
when comparing two samples that have similar porosities but different effective thermal conductivities: the firn sample with the higher effective thermal conductivity had
much larger, more interconnected particles of ice, while the sample with the lower effective thermal conductivity has the same amount of ice particles, though they were
much less interconnected overall. Since heat travels through the ice particles of firn,
it follows that having larger paths of ice through which the heat can conduct would
lead to a higher effective thermal conductivity than in samples with smaller, more
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complex connections of ice particles.
Year after year, seasonal snow that does not melt becomes buried, and over
time, the pressure from additional snow on the surface compresses the snow into
firn; eventually, this compressive force compacts the ice particles so that only closed
porosity exists and the firn becomes ice. From this series of events, it is known
that the ice particles do become more interconnected and compressed as the firn
increases in depth. This compressive trend with depth aligns with the trend seen in
the measured effective thermal conductivity of firn: increased depth leads to more
rapid heat transfer. Moreover, since the increase in depth leads to more compressed
ice particles within a given volume, there exists the same trend with increased density
as well.
In the near-surface layer of firn, vulnerability to weather and lack of long-term
compression may allow for variation in the interconnected nature of the ice particles.
This variation can be visualized when comparing the cross-sectional micro-CT images
of the three shallowest samples, where the variation in effective thermal conductivity
that does not follow depth is explicable by the size and interconnected nature of the
ice particles. Namely, the sample with the most disconnected ice particles has the
lowest effective thermal conductivity.
To quantitatively test this hypothesis, an analysis of the Euler-Poincaré numbers for each firn sample was conducted. These numbers signify the number of redundant connections within a structure, which can be related through density to
estimate the relative thickness of these ice particle connections. It was found that
the samples with the thicker ice particle connections have higher effective thermal
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conductivities than samples with more, smaller connections in their microstructures.
This quantitative approach further supports this hypothesis of the relationship between the thickness of the ice particle connections within firn and its effective thermal
conductivity.
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8

Conclusion

This research began because the literature is missing direct measurements of the
effective thermal conductivity of firn. As a complex, sensate material covering wide
expanses of the Greenland and Antarctic ice sheets, firn is both difficult to directly
access yet available to be indirectly sensed through satellite imagery. There exists a
great need for accurate, direct effective thermal conductivity and thermal diffusivity
measurements to properly model the ice sheets; therefore, this research aimed to fill
the gaps in knowledge and directly measure those properties of firn.
A noteworthy challenge of this research was designing an apparatus capable of
accurately measuring the effective thermal conductivity of firn. Since direct measurements of the effective thermal conductivity of firn have never been published before,
no known device existed with the capability of taking those measurements. The
pursued method for measuring the effective thermal conductivity in a cold room laboratory was a custom-built guarded hot plate, which induces a small gradient of heat
across the sample and measures the temperature difference across the steady-state
gradient and the heat flux through the sample. As this approach includes applying a
heat flux to the sample, there were inherent difficulties in designing the test apparatus for firn. Not only does ice—and thereby firn—melt at 0°C, but at temperatures
just lower than 0°C, microstructural changes can occur in firn, which would render
the samples ruined. Through careful experimentation using the apparatus with test
materials of known thermal conductivity at different temperatures in a cold room, it
was ensured that the apparatus did not put the samples at risk of being destroyed.
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8.1 Key Findings
Having successfully designed, tested, and verified the custom apparatus, the apparatus was used to measure the effective thermal conductivity of firn samples in a cold
room laboratory.
The design choices and documentation presented in this research will hopefully
enable future measurements of the effective thermal conductivity of firn retrieved
from additional locations. Additionally, the values measured and presented in this
thesis offer the possibility of increased accuracy of the modelling of the ice sheets.
Moreover, the microstructural analysis of the determining factors of firn’s effective
thermal conductivity provides novel insight into the relationship between the thermal
conductivity and the microstructure of firn.

8.1

Key Findings

The custom-designed guarded hot plate apparatus was used to measure seven South
Pole firn samples of various depths, ranging from 8.72 - 47.32 m. Four to five measurements were taken on each sample, and the average effective thermal conductivities
for each sample range from 0.617 to 1.018 W/mK. The average thermal diffusivities
of these samples range from 20.95 to 25.68 m2 /a, which are higher than the estimation of 18.3 m2 /a from Clemens-Sewall et. al (in review) and show that the thermal
diffusivity of firn at one location cannot be represented by a single value.
The linear trends between both depth and effective thermal conductivity and
density and effective thermal conductivity are not explained by the porosity of the
firn. Certain microstructural characteristics explored using micro-CT measurements,
including degree of anisotropy and SMI, align with the trends of effective thermal
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conductivity; however, they fail to explain the evident values seen in near-surface firn.
The variations in effective thermal conductivity are well-explained by the ice particle
size and interconnectedness, which can be visualized using 2D micro-CT images. This
relationship can also be quantitatively shown using the Euler-Poincaré numbers of the
firn samples, which, along with density measurements, can reveal the thickness of the
ice particle connections. Namely, firn with larger, more interconnected ice particles
conducts heat more rapidly, and samples with smaller, more disconnected ice particles
have lower measured effective thermal conductivities.
This thesis has presented a successful method for directly measuring the effective thermal conductivity of firn. The apparatus was used to collect this data on
seven firn samples from the South Pole, and the results of these tests were used to understand how the microstructure of firn determines its effective thermal conductivity.
Continued scientific work in this field can seek to quantify and model the relationship
between ice particle size and interconnectedness and the resulting effective thermal
conductivity of firn. While this thesis presents novel direct measurements of the thermal diffusivity of firn from one site, further research may enable scientists to increase
the accuracy of their models of the ice sheets by further exploring the relationship
between microstructure and firn’s thermal properties. The journal papers resulting
from this research serve to advance this field of study by filling the gaps in knowledge
of the effective thermal conductivity and thermal diffusivity of firn.
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Appendices
A

Datalogger Program

The datalogger used in this experiment was the Campbell Scientific CR1000. The
program PC200W, version 4.5, was used to create a program to record the measurements at desired increments from the datalogger. Namely, the program recorded one
measurement per second from each sensor shown in Table A1. The units or output
of each measurement are also shown.
Table A1: Measurement Collection
Measurement

Unit/Output

Timestamp
Record Number
Battery Voltage
Datalogger Temp.
Bottom Flux
Top Flux
Bottom Temp.
Top Temp.

Date and Time
0,1,2...
V
°C
mV
mV
°C
°C

In Figure A1, the wiring diagram is shown for the experiment. Since the
heat flux sensors have embedded type-T thermocouples, there are two sets of two
wires coming from each sensor shown. In ports 1 and 4 are the bottom and top
thermocouples, respectively, and in ports 2 and 3 are the bottom and top heat flux
sensors, respectively. Details on calculating the heat flux based on the voltage outputs
from the sensors can be found in Appendix B.
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Figure A1: Wiring Diagram of Experiment
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B

Heat Flux Sensor Calibration

After manufacturing, each Hukseflux FHF02 sensor is calibrated and a sensitivity
value is determined. The sensitivity values for the two heat flux sensors used in this
experiment are listed in Table B1.
Table B1: Sensor Sensitivity Values
Heat Flux Sensor

Sensitivity

Top
Bottom

5.87 × 10−6 V/(W/m2 )
5.95 × 10−6 V/(W/m2 )

In application, these sensors, which are thermopiles, return voltage values to
the datalogger. In order to calculate the heat flux based on these voltages, Equation B1 must be used.

q=

U
S

(B1)

In Equation B1, q is the flux in W/m2 , U is the measured voltage in V, and S is the
sensitivity of the sensor, in V/(W/m2 ), as listed in table B1.
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C
C.1

Apparatus Error Estimation
Heat Flux Sensors

The heat flux in this experiment was measured with Hukseflux FHF02 sensors above
and below the sample. In the manufacturer’s specifications, the expected accuracy is
±5%.The total error in the heat flux measurements can be written as

Eq = (Esensor + Evoltage ) ≈ Esensor

(C1)

where, based on the calculations completed in Köchle (2009), the error due to the
voltage measurements in the heat flux sensor is negligible when compared to the the
error due to the sensor. Thus, the error is ±5% of the measured heat flux, or
Eq ≈ (±0.05 · q) W/m2

C.2

Thermocouples

For error calculations of thermocouple wire, the errors due to the single wire, the
voltage-to-temperature conversion, and the voltage measurement itself would need to
be accounted for. However, because this experiment uses a differential measurement
between two identically manufactured thermocouples of the same wire, the error is
reduced to only the voltage measurement error.
The experiment was carried out in a cold room set at -10°C. With the selected
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C.3 Calipers
voltage range of ±2.5 mV, the error of this range is ±0.2%. With type-T thermocouples, such as the ones used in this experiment, a temperature of -10°C equates to a
voltage of 0.383 mV. Therefore, the uncertainty at this temperature is

U (-10°C) = 0.383 mV ± 0.000766 mV
which, when converted into the temperature scale, results in an uncertainty of

T = −10.0°C ± 0.020°C
meaning that the error of the thermocouples in this experiment is

E∆T =

C.3

p
(0.020°C)2 = ±0.020°C

Calipers

To measure the height of the samples, Vinca DCLA-0605 calipers were used. According to the manufacturer, the accuracy of the calipers is ±0.02 mm. Since the samples
are not perfectly flat, six measurements are taken around the sample and averaged
to arrive at the sample’s average height. As specified, the error due to the calipers
is

Eh = ±0.02mm
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